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Geodetic pa rame te r s  describing the e a r t h ' s  gravity field and 
the positions of satell i te-tracking stations in a geocentric reference 
f r ame  have been computed. 
means  of a combination of four different types of data: 
simultaneous satell i te ob se rvations, observations of deep- space 
probes,  and measurements  of terrestrial gravity. This combina- 
t ion solution gives better pa rame te r s  than any subset of data types. 
These pa rame te r s  were estimated by 
routine and 
In the dynamic solution, precision-reduced Baker-Nunn obser -  
vations and l a s e r  range data of 21 satel l i tes  were used. Data f r o m  
optical cameras ,  in addition t o  those f r o m  19 Baker-Nunn stations, 
were employed in the geometricql solution. Data f r o m  the tracking 
of deep-space probes were used in  the f o r m  of relative station 
longitudes and  distances to the e a r t h ' s  axis of rotation. 
surface-gravity d a t a  in the f o r m  of m e a n  anomalies fo r  300-n mi 
squares  were  provided by Kaula. 
i terat ion was a combination solution and was chosen to  improve 
the residuals  of all types of data. In  addition t o  these four data 
sets, astrogeodetic data, surface triangulation, and some recently 
The 
The adopted solution f r o m  each 
- 
'This  is a condensed review of the Smithsonian Astrophysical 
Special Report  No. 315, entitled "1969 Smithsonian Standard 





acquired surface-gravity da t a  not included in the se t  used f o r  the 
combinations were employed for an independent tes t  of the solu- 
tion. 
coefficients complete to degree and order  16, plus a number of 
higher degree t e r m s .  
solution subtends about 11 O at the e a r t h ' s  center .  
the global field has  been estimated a s  f3 m in geoid height, o r  
f8. 7 mgal.  
with a n  accuracy of 1 0  m o r  better.  
The total  gravity field is represented by spherical  harmonic 
The half-wavelength resolution of this global 
The accuracy of 
Coordinates of many of the stations a r e  determined 
1 .  INTRODUCTION 
During 1966, the Smithsonian Astrophysical Observatory (SAO) published 
numerical  pa rame te r s  for the e a r t h ' s  gravity field and the coordinates of the 
satell i te-tracking stations [Gaposchkin, 1967; KGhnlein, 1967a; - -8 Veis 1967a, - 3  b; 
Whipple, 1967; Lundquist and Veis, 19661. In 1967, a se r i e s  of papers  by 
Gaposchkin, Kdhnlein, Kozai, and Veis [Lundquist, 196 71 produced severa l  
refinements of the 1966 solution. Tes t s  of the solution presented he re  indi- 
cate that  these new resu l t s  a r e  superior  to any set of geodetic parameters .  
The geodetic pa rame te r s  a r e  es t imated f rom a combined solution of the 
resu l t s  obtained by the geometr ic  and dynamic methods. 
combination solution includes station-position information determined by the 
J e t  Propulsion Laboratory ( J P L )  fo r  its Deep Space Tracking Network (DSN) 
and surface-gravi ty  anomalies computed by Kaula [1966a]. - The final solution 
yields harmonic coefficients in the potential expansion complete to  degree and 
o rde r  16, plus 14 pa i rs  of higher degree coefficients and the coordinates for  
39 stations. 
gravity data and astrogeodetic da ta .  
In addition, the 
This  solution is compared with recently available surface- 
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2.  DATA COLLECTION, REDUCTION, AND REFERENCE SYSTEM 
Data Collection. Laser t racking systems have been developed in the 
last 4 y e a r s  and coordinated observing per iods establ ished in 1967, 1968, 
and 1969. The best  data include significant amounts of laser data, 
In  addition t o  data f r o m  the Baker-Nunn and laser networks, data 
collected by other  agencies  have a l so  been used (see Figure  1): 
1 .  Laser data f r o m  stations 7815, 7816, and 7818 were made available 
by the Centre  National d 'Etudes Spat ia les  (CNES), F rance .  
2 .  Laser data f r o m  station 7050 were  made available by the Goddard 
Space Fl ight  Center  (GSFC). 
3. Optical  data  were  obtained f r o m  the following European stations: 
8015 and 8019 (Observatoire  de P a r i s ) ;  9065 (Technical  University of Delft); 
9066 (Astronomical  Institute , Berne);  9074 and 9077 (USSR Astronomical  
Council); and 9080 (Royal Radar  Establ ishment ,  Malvern).  
4. Optical data  f r o m  the MOTS cameras 1021, 1030, 1042, 7036, 7037, 
7039, 7040, 7075, and 7076 were  supplied by GSFC. 
Data Reduction and Accuracies .  The  r e luc t ion  of the optical data was 
c a r r i e d  out with all terms in precess ion  and nutation necessa ry  t o  ensu re  that 
the maximum neglected effect is less than 0. 5 m .  Annual aber ra t ion  is added 
and diurnal  aber ra t ion  mus t  be applied t o  the simultaneous observations.  
Para l lac t ic  re f rac t ion  was applied by the use  of mean nighttime tempera ture  
and p r e s s u r e  taken at each stat ion to es tab l i sh  the re f rac t ion  coefficient 
(G. Veis, private communication, 1966). $ystematic  cor rec t ions  t o  star- 
catalog positions were  applied where appropriate .  
f r o m  other agencies were  cor rec ted  in the same way. 
optical  data range f r o m  1 to  4 a r c s e c  [Lambeck, 196921. 
All optical data received 
The accuracy  of the 
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The laser range data are considered accurate  to  about 2 m and are re- 
The influence of duced by use  of the correct ions described in Lehr  [l969]. 
t iming e r r o r s  at  the stations has to  be considered. F o r  passes  w i t h m o r e  
than 10 observed points, 10 points equally spaced in the pass  are selected.  To  
account for  redundancy and systematic  e r r o r s  of the laser data, the assumed 
-
I 
accuracy  of each  laser point is taken at 5 m f o r  the S A 0  and GSFC l a se r  data 
and a t  10 m f o r  the CNES data. 
Reference System. SA0 has its own master clock, and through VLF 
t r ansmiss ion  maintains its own coordinated time sys tem called A. S. 
principal time reductions were to  convert the GSFC data f rom UTC to A. S, 
and the CNES data f r o m  A3 t o  A. S. 
bination of final and prel iminary values of the United States Naval Observatory 
(USNO). 
those of the Bureau International d e  1'Heure (BIH) revealed differences 
approaching 5 m. F o r  the present  solution, BIH UT1 values have been 
adopted throughout. 
the ultimately attainable accuracy of station positions. 
data  were taken f r o m  the International P o l a r  Motion Service (IPMS). 
difference between these and the BIH data f o r  the period since they were 
r e fe r r ed  to  the same origin is as much as 1 .  5 m.  
were all r e f e r r e d  to  the mean pole of 1900-1905. 
is the equator of date and the equinox of 1950. 0. 
is discussed fur ther  in section 3. 
this sys tem was tabulated in t e r m s  of the UT1 and polar-motion data. 
The 
The UT1 data used in 1966 were a com- 
An examination of the differences between the USNO values and 
It appears  that these data m a y  be a limiting factor  for  
The polar-motion 
The 
The IPMS data used he re  
The coordinate sys tem used 
The choice of this sys tem 
The position of the e a r t h  with respect  t o  
As i n  1966, the determination of the zonal harmonics  was a precursor  
t o  this analysis.  
completely revised. Kozai 's  [ 196 91 zonal harmonics  t o  J were used a s  
s tar t ing values. 
given a r e  the adopted values for  GM, a 
Wi th  use  of the. 1966 solution, the orbital  information was 
21 
The coefficients are l isted fo r  reference in  Table 1. Also 
and the velocity of light c. e' 
4 
3. DYNAMICAL SOLUTION 
The main problem in celestial  mechanics is  t o  develop formulas  ( a  
theory  in th i s  nomenclature) that predict  the t ra jec tory  when the forces  and 
the initial conditions a r e  established. 
with approximate solutions, which for our  purpose a r e  quite satisfactory.  
Alternatively, a direct  numerical  integration of the equations of motion 
could be car r ied  out. 
In general ,  we must  be satisfield 
The fo rces  we consider a r e  the gravitational attraction of the earth,  
moon, and sun and the nongravitational effects of radiation p r e s s u r e  and a i r  
drag. In th i s  analysis, we have chosen satell i tes that a r e  dominated by the 
geopotential and for which other effects can, in some way, be assumed 
known. 
orbital  analysis. Gaposchkin [ 19681 discusses  some considerations of this 
analysis, and fur ther  details  a r e  given in Gaposchkin and Lambeck [ 1 9 7 0 ] .  
Kaula [ 1 9 6 6 g  and Gaposchkin [ 1 9 6 6 4  descr ibe detailed methods fo r  
The gravity field of the earth,  or equivalently, the geopotential, is quite 
i r regular .  The geopotential V can be represented a s  an infinite s e r i e s  of 
spherical  harmonics ,  and the fo rm adopted for this  analysis i s  
n 
J n (>) pn ( s i n + )  
L n=2 
( s in  +) (Cam cos m A t S p m  s in  m A )  I 00 Q 1 t (>). pQrn 1=2  m = l  
(1 ) 
where GM is  the product of the gravitational constant and the m a s s  of the 
ear th ,  +, X a r e  earth-fixed latitude and longitude, a is  the equatorial  radius 




1 pn ( s in  9) = - 
-ln 
k (2n - 2k)! s i n  
( - )  k! ( n  - k)! ( n  -'2k)! 
where r is the grea tes t  i n t e g e r s  n/2, 
n r I -m-2k 4 2(21 t 1)(1 - m)! 
(I t m)! PIm ( s i n  9) = 
COSK 9 k (28 - 2k)! s i n 9  
I k! (I - k)! (I - m - 2k)I 9 
k 0  L 
where r is the grea tes t  integer 5 (I - m ) / 2 .  
normalization. 
Legendre polynomial, i. e . ,  
Expression (1) u ses  a mixed 
The expression PI, (s in  9) is the fully normalized associated 
sphere  
and GIm,  SIm a r e  fully normalized coefficients, as previously published 
(somet imes  designated as 3 
Legendre polynomials, and the Jn a r e  conventional harmonics.  
the J 
- 
). The pn ( s i n  9) a r e  the conventional Im' 'Qm 
T o  include 
i n  the fully normalized f o r m  we have n 
PI, =dziT-i- PI 
and 
J" 
and the summation i n  equation (1) would be m = 0, 1 ,2 , .  . . , I  . 
'I m 
F o r  a systematic  development, see  Heiskanen and Moritz [ 19671 . 
The GI,, 
a r e  called t e s s e r a l  harmonics,  and the Jn a r e  called zonal harmonics .  
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In equation (1) we assume J = C21 = S21 = 0 because the or igin of the 1 
coordinate sys tem chosen is r e fe r r ed  to  the ea r th ' s  center of mass, and the 
z axis (+ = r / 2 )  is along the  principal axis, i. e . ,  the axis of maximum moment  
of inertia.  In fact, these a r e  only assumptions and one can only approximately 
real ize  such a coordinate system. 
The t e s s e r a l  harmonics  are determined f r o m  the short-period (1 revolu- 
t ion t o  1 day) changes in  the orbit. 
be observed, and each observation provides a n  observation equation. 
the highest possible precis ion a r e  needed. 
The detailed s t ructure  of the orbit  mus t  
Data of 
Apart  f r o m  the resonant harmonics ,  the t e r m s  higher t h a n 1  = 12, 
m = 12 a r e  weakly determined by the satell i te da ta -  when the satell i te is 
low, it is infrequently observed - but i t  had been demonstrated in ea r ly  
i terations that the surface gravity could determine these higher harmonics.  
The  satell i te solution was limited to  those harmonics  that have a n  effect of 
grea te r  than  3 t o  4 m on the orbit. 
through I =  12, m = 12, omitting C/S(11, 7); C/S(12,6);  and C/S(12, 9). 
o rder  terms selected were  C/S(I ,  1 )  1 3  5 I 5 16; C/S(I ,2)  13 5 I 5 15; 
C/S(14, 3) ;  C/S(I ,  12) 1 3  5 I 5 19; C/S(I ,13)  13 5 I 5  21; C /S( l ,  14) 
14 5 I 5 22. The m = 9, 12, 13,  14 terms a r e  resonant with some satellites. 
Gaposchkin and Lambeck [1970, Table 41 list the resonant satel l i tes  with 
their resonant periods.  
o rder .  
Other stations were  m o r e  appropriately determined by the geometrical  
solution. 
The  result ing t e r m s  were complete 
Higher 
Severa l  satel l i tes  a r e  resonant with m o r e  than one 
The stations were  res t r ic ted  t o  those observing many satell i tes.  
Table 2 details  the selection of satel l i tes  used in  the final solution, 
ordered  by inclination. 
many of which were not used in the 1966 solution. 
unknowns evolved through the analysis.  
ranged f r o m  21 t o  25, and the number of a r c s  in the la rges t  solution was 
244. 
equations, number of observations for  a par t icular  station, improvement of 
distribution fo r  a resonant harmonic,  and quality of the orbital  f i t .  
F igure  2 indicates the distribution of satell i tes,  
The selection of data and 
The number of satellites used 
A r c s  were added and rejected on the bas i s  of contribution to  the normal  
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4. GEOMETRIC SOLUTION 
The geometr ic  method f o r  determining station positions f r o m  observa- 
tions of satel l i tes  does not require  any knowledge of the orbit, since the 
object is observed simultaneously f r o m  two or more  stations and the relative 
positions of these stations a r e  computed by a three-dimensional triangulation 
process .  
of the e a r t h ' s  center of mass, nor does it give a scale  determination if only 
direction observations a r e  used. 
highly accura te  directions between stations, but a l so  by an unfavorable e r r o r  
propagation in s ta t ion coordinates. 
the geometr ic  solution contributes significantly to  the solution f o r  station 
coordinates and provides a valuable means  of assess ing  the reliability of these 
r e  sults . 
The geometr ic  solution does not give any informatior, on the position 
The solution is fur ther  character ized by 
When combined with the dynamic solution, 
A total  of 38 stations was involved in this solution, and 2 0  of these were 
a l so  used in the dynamic solution. 
States Ai r  F o r c e  (USAF) Baker-Nunn cameras ,  f r o m  1 3  National Aeronautics 
and Space Administration (NASA) MOTS cameras ,  and f r o m  7 European 
stations were  utilized. 
tions were used in the analysis, a number comparable to  that used in the 
dynamic solution. 
in Gaposchkin and Lambeck [ 1970, Table 61. 
been made to  high-altitude satel l i tes  not used in the dynamic solution. 
satel l i tes  include 6102801 (Midas 4), 6303004, 6605601 (Pageos),  and 6805501. 
F o r  stations c loser  than about 2500 km, observations in both the passive and 
the flashing modes of 6508901 (Geos 1)  and 6800201 (Geos 2) f o r m  the majori ty  
of the data. 
Observations f r o m  16 SA0  and 4 United 
Approximately 50, 000 individual direction observa- 
The distribution of the d a t a  among the stations is given 
Most of the observations have 
These  
The Baker-Nunn network is used he re  as the basic global f ramework in  
the adjustment, but because of the station distribution this net is best con- 
s idered i n  two par ts :  the American-Pacif ic  stations (group 1)  and the 
Afro-Eurasian stations (group 2). These  two groups link up at  San Fernando 
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(9004), at Tokyo (9005), and to a lesser extent at Oslo (9115), so  that all the 
S A 0  stations with the exception of Woomera (9023) can be connected into one 
net. 
Independent adjustments for  the stations in  these two groups, a s  well as 
fo r  a third group comprising the MOTS data f r o m  North Amer ica  and a fourth 
comprising data f r o m  the European stations,  were  performed. This  sub- 
division was made  in o r d e r  t o  isolate and detect possible systematic  e r r o r s  
a r i s ing  f r o m  different reduction techniques or  instrumentation used in the 
different data sources  and to  separate  the propagation of var iances  caused 
by the poor geometry provided by the station positions f rom the propagation 
of the var iances  of the observed quantities. 
c. 
Then, the four groups of stations were linked via common stations. In 
linking the groups it was necessa ry  t o  determine only the relative transla- 
t ions and scale .  
d a t a  used in this analysis re fer  to  the same astronomical reference system, 
polar -motion data, and UT 1. 
No differential rotations need be considered, since all the 
These adjustments were made by a least-  squares  procedure,  carrying 
along the full  covariance ma t r i ces  of the functions of the observed quantities 
f r o m  s tep  to  step. Such a procedure is equi-Talent t o  adjusting all the data in  
a single s tep  [Tienstra ,  1956; Baarda,  19671, but it has  the advantage of 
isolating possible systematic  e r r o r s  in the data. If s ta t is t ical  testing of the 
resu l t s  indicated the presence of such e r r o r s ,  the adjustments were  fur ther  
split up in an attempt t o  locate the faulty data. 
dures  used followed the ideas of Baarda  [ 19681. 
The statist ical  testing proce- 
Throughout the adjustment it has been assumed that observations taken 
at different t ime instants or f r o m  different stations a r e  uncorrelated. 
Systematic  timing e r r o r s  m a y  prevai l  over a long period, so that the first 
assumption is difficult t o  justify. The second assumption, however, appears  
generally acceptable, since e r r o r  in  t ime kept at distant stations is a lmost  
always uncorrelated.  An analysis of the resu l t s  of the adjustment of the 
various s teps  will indicate whether or  not these assumptions are valid. 
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F o r  the single station-station vector adjustments, the average var iance 
factor  is 1 .  5 and va r i e s  f rom 0. 7 to 3. 1 (Table 7 of Gaposchkin and Lambeck 
[1970]). If no systematic  e r r o r s  are present,  the expected value of this 
quantity should be unity. F o r  example, station- station vectors  associated 
with station 9028 consistently show a large variance factor,  indicating possi-  
ble sys temat ic  e r r o r s  in da t a  f r o m  this  station. 
station-station vectors  vary  between 0 . 2  and 2 a r c s e c  depending on the num- 
ber of observations and the station-satell i te geometry.  
accurac ies  for vectors  between SA0 Baker-Nunn cameras  for which the 
number of simultaneous events is greater than 30. 
expected accurac ies  given by the express ion  [Lambeck, 1969b-J 
The accurac ies  of the 
F igure  3 plots the 
Also shown a r e  the 
1 
0. 09(L/h) - 0. 03 
1 
0. 34(L/h) - 0. 15 0- 
where u 
the average ra t io  of length of station-station vector to  satell i te height (= 1. 2 ) ;  
u 
azimuth component of the station- station vector, and generally the cor re la -  
t ion between these components is small. 
is the accuracy of a synthetic observation (1. 5 a rc sec )  and L / h  is S 
is the accuracy in the ver t ical  component and u V A is the accuracy in  the 
The var iances  of unit weight for  the adjustment in  the second phase of 
the four  groups of stations a r e  the following: 
group 1: u2 = 1. 39 (Baker-Nunn, Americas ,  Pacific, Atlantic) 
group 2: u2 = 1. 59 (Baker-Nunn, Afro-Eurasian)  




group 4: (r2 = 1.99  (North Amer ican  MOTS) 4 
10 
Application of the variance ra t io  tests t o  the resu l t s  leads t o  the gen- 
eral conclusion that, with the exception of the data in group 3,  the  null 
hypothesis (i. e . ,  t he re  are no model e r r o r s )  is t o  be rejected. 
a reevaluation of the original data gave no indication where the problems m a y  
occur, and the resu l t s  have, of necessity,  been accepted. 
However, 
Finally, the adjustment linking the four groups of data gives a vari-  
ance of unit weight equal t o  1 . 4  with 16 degrees  of f reedom and 
FO. 95,16, co 
reduction used in the four groups a r e  compatible. 
= 1 .  71.  This  suggests that the observations and methods of 
T o  investigate fur ther  the unsatisfactory conclusions that have to  be 
drawn f r o m  the independent group adjustments,  the directions between stations 
were  computed f r o m  the linked adjustment resu l t s  and compared with the inde- 
pendent group station-station vec tors  (see Gaposchkin and Lambeck [1970]  
Figure  4 f o r  some examples) .  
same quantity, and they can  be expected to lie within the accuracy es t imates  
given for  them. Comparisons for  all the station-station vectors  show that 
this is the case  about 60% of the t ime.  
Both these vectors  represent  estimates of the 
Denoting the m e a n  accuracy of a station-station vector derived f rom 
phase 1 by r1  and that derived f r o m  phase 3 by u and denoting the angular 
distance between the two est imates  of the vector by 6 ,  we would expect that 
on the average 
2’ 
These  quantities a r e  given in Table 7 of Gaposchkin and Lambeck [ l970] ,  
and their values, averaged over the vec tors  used, indicate that this condition 
is not satisfied unless  the variance e s t ima tes  are multiplied by a factor 
1 1  
2 These resu l t s  yield a value of k = 2. 8, and the covariance matrix for the 
final geometr ic  solution is multiplied by this number.  
between stations are given in Table 8 of Gaposchkin and Lambeck [1970]. 
The final directions 
5. INFORMATION FROM DEEP-SPACE PROBES 
The DSN has  used data f rom its tracking of deep-space probes to obtain - 
among other pa rame te r s  - t h e  relative longitudes and the distances to the 
ea r th ' s  axis of rotation of their  antennas [VePos and Trask ,  1967; T r a s k  and 
Vegos, 19681. As  the J P L  sites can be related to  nearby Baker-Nunn sites, 
by use of ground- survey information, a valuable and completely independent 
control of the resu l t s  is possible. Comparison with the JPL data is particu- 
la r ly  important for  the two instances where the geometric solution is either 
very poor (South Africa) o r  nonexistent (Australia).  
a l so  complement each other since the J P L  solution gives a ve ry  strong scale  
and relative longitude determination but no latitude information, whereas the 
S A 0  solution accurately determines the orientation with respect  to  the as t ro-  
nomical reference system. 
The two sets of data 
Comparisons of the J P L  and S A 0  resu l t s  were made by Veis [I9661 and 
Vegos and T r a s k  [I9671 using data f r o m  the Ranger missions.  
m o r e  refined J P L  solutions have recent ly  become available using data f r o m  
the Mar iner  4 and 5 missions.  The solution used in the present analysis is 
that of Mottinger [l969],  called LS 2 5 ,  
the  station locations. 
computed quantities t o  be about 3 m. 
f r o m  BIH and UT1 derived f r o m  USNO data a r e  used. Thus, a difference in 
longitude between the J P L  and the SA0  solution can be expected. 
difference can a l so  a r i s e  f r o m  possible discrepancies  in the right-ascension 
definitions of the planetary ephemer is  used by J P L  and of the star catalog 
used at SAO. 
However, 
Table 3 gives his determination f o r  
Mottinger es t imates  the standard deviations of the 
In this  solution the polar-motion data 
A longitude 
12 
The geodetic coordinates of the JPL and  associated Baker-Nunn stations 
are  given in Table 10 of Gaposchkin - and Lambeck [1970]. 
9002-4751 (South Africa),  9003-4741 (Australia),  and 91 13-4712 (United 
States),  the survey distance between the stations is small and any datum tilts 
o r  distortions should not cause any problems when the geodetic survey infor- 
mation is used to  relate the two ear th-centered sys tems.  
other two J P L - S A 0  station groups, 9003-4742 and 9004-4761, this  m a y  not 
be t rue ,  and cor rec ted  survey differences have been computed based on the 
datum adjustments of the European and Austral ian datums [Lambeck, 1970a, - 6J. 
In three cases ,  
However, for  the 
6 .  SURFACE-GRAVITY DATA 
Surface- gravity data  provide a means  of comparing the satellite solution 
with a n  external  standard and of improving the overall  gravity-field solution. 
The  satell i te solutions a r e  most  suited f o r  determining the lower order  
harmonics, while the surface-gravi ty  d a t a  a r e  expected to  contribute most  to 
the higher order  terms. 
a complete representat ion to  degree and order  12, with the exception of the 
(1 1,7) ,  (12,6),  and (12,9) harmonics;  and fo r  higher degree only those 
coefficients with o r d e r s  1 ,2 ,  3 and 12,13,14 have been determined f rom the 
present  data. The surface gravity, on the other hand, does not reflect  such a 
partiali ty to  cer ta in  Coefficients, and a l l  t e r m s  of the same degree can be 
determined with about equal reliability. 
The dynamic satell i te solution described above gives 
The gravity anomalies Ag can be related to  the harmonic coefficients by 
w n  .I 
( 8  - 1)  (2) (Clm cos  mX t Slm sinmX) P8 m (s in  9) r A g =  v 
8=2 m=O 
13 
and C a r e  r e fe r r ed  to a specified reference ellipsoid, in this 
2 , o  4 2  
where C 
case  f = 1 /298. 258, 'I. corresponding to Kozai 's  [1969] determination fo r  J 
Thus,  if Ag is known all over the ear th ,  the harmonic coefficients can be 
estimated. This  approach was used by KSjhnlein [1967g and is a l so  used 
here. 
2' 
N o  ser ious  attempt has been made  t o  determine es t imates  of the zonal 
harmonics  f r o m  the surface-gravi ty  d a t a  because of its poor distribution, 
par t icular ly  at the southern latitudes. 
Data prepared  by Kaula [19664 were  used in  this analysis. His  basic  
data consisted of 1" X 1" m e a n  f r ee -a i r  anomalies computed essentially by 
the techniques described by Uotila [ l960] .  These anomalies were combined 
t o  f o r m  m e a n  values f o r  a r e a s  of 6 0  X 60 f 30 n mi (nautical mi l e s )  in o r d e r  
t o  obtain a se t  as near ly  statist ically uniform as  possible. 
m a t e s  f o r  300-n mi squares ,  Kaula next estimated 60-n mi a r e a  anomalies f o r  
the unsurveyed areas applying l inear  r eg res s ion  methods [Kaula, 19664 to  
the 60-n mi means  within the 300-n mi a r e a .  
300-n mi means  as the ar i thmetic  mean of all the observed and extrapolated 
60-n mi means  within the area. The r e su l t s  were  935 m e a n  anomalies f o r  
300-n mi squa res  covering 56. 5% of the globe and are given in Gaposchkin 
and Lambeck [1970, Table 121. 
T o  obtain esti- 
Finally, he computed the 
F o r  the remaining 43. 5% of the globe, th ree  alternative assumptions 
were  made  in the present  analysis: 
1. No assumptions were  made  about these a r e a s  and only the observed 
anomalies we r e  use d. 
.I, -4- 
The flattening f is a derived quantity, depending upon a e 
Using a 
A better value (see section 7 o r  Lambeck [197Oa]), a = 6. 378140, gives 
f = 1 /298. 258. 
among other things. 
= 6. 378155, the value adopted for  this analysis is f = 1/298. 257. e 
e - 
The formulas  for  f a r e  taken f rom Cook [1959]. 
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2. The model  anomalies generated by Kaula f r o m  a linear regress ion  
analysis  of his 935 observed squares  [Kaula, 19669  were used. 
3. The anomalies were set  t o  z e r o  and a large variance was used. 
Kaula used for  the variance of each 300-n mi square 
2 2 
T where g = 274 mga l  is the m e a n  value of the square of the gravity anomaly, 
and  n is the number of observed 60-n mi a r e a s  contained in the 300-n mi square.  
However, the seve ra l  assumptions made  in computing the gravity 
anomaly by l inear  r eg res s ion  m a y  make this var iance too small. The most  
important assumption made  is the one res t r ic t ing  the regress ion  analysis to  
points within the 300-n mi square  and ignoring possible correlat ions of 
gravity with topography. Consequently, in the present  analysis the above 
variance es t imates  have been multiplied by a factor of 4. 
earlier i terat ions of the combination solution, this factor  was found t o  give 
a set  of potential coefficients that  improved both the satell i te orbi ts  and the 
surface-gravi ty  comparison. 
surveyed 60-n mi area receives  a standard deviation of 23 mgal, while a 
completely surveyed 300-n mi a r e a  (25 60-n mi squares)  receives  a standard 
deviation of 6.  5 mgal. 
In the analyses of 
W i t h  this variance a 300-n mi square with a 
Some screening of the surface-gravity data was done by comparing the 
gravity anomalies  f r o m  the combination solution in any one i terat ion with the 
surface-gravi ty  da t a  and rejecting an anomaly using a three- sigma criterion. 
This  does not necessar i ly  imply a n  e r r o r  in the surface-gravity data, but it 
could mean that the rejected anomaly represents  a short-wavelength variation 
that is not reflected in the satell i te solution. 
In the final solution, 38 anomalies were  rejected.  Of these,  five were 
squares  with n 2 10 and one was a square  with n 2 20. 
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More  recent  surface-  gravity compilations have been published by Talwani 
and L e  Pichon [ 19691 and Le  Pichon and Talwani [1969] for  the Atlantic and 
Indian oceans. These  new data have been used for  comparisons with the 
new satell i te combination solutions given he re .  
A comparison of r e su l t s  obtained using the different assumptions about 
the surface gravity in  the unsurveyed a r e a s  indicates no difference between 
the anomaly se t  derived f r o m  reg res s ion  analysis and the set of z e r o  
L anomalies.  
is only 121 mgal  , very  much less than ei ther  the g 
This  m a y  have been expected since g for  the predicted anomalies 
T 
2 T 2  = 274 mga12 for  the 
observed squa res  o r  the var iances  associated with the predicted values 
(30  mgal)  . 2 
However, these two t e s t s  did show a difference i n  resul ts  f r o m  the one 
This difference occurred i n  that ignored the unsurveyed a r e a s  altogether.  
those extensive areas in  southern lati tudes where there  were no surface d a t a  
and where the station distribution was unfavorable. 
the model anomalies was t o  reduce by about 5 m the heights of the major  
geoid fea tures  in these a r e a s .  
heights did not exceed 2 m. 
The effect of using 
In the other a r e a s  the differences in  geoid 
7. COMPARISONS AND COMBINATION SOLUTION 
Data f r o m  the var ious sources  can now be combined t o  determine a 
consistent set of geodetic pa rame te r s  of the earth. 
in the preceding sections are incomplete in one way o r  another, and the inade- 
quacies in the mathematical  models used will l ead  t o  unreal is t ic  accuracy 
es t imates .  
purposes: 
resolve any biases  in the resu l t s ;  and one of combination, t o  obtain the mos t  
complete and reliable set of geodetic parameters .  
All four methods discussed 
Consequently, the data f r o m  the different sources  se rve  two 
one of comparison, t o  obtain rea l i s t ic  accuracy es t imates  and to 
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Combination Solution. In combining the two satell i te solutions, it must  
be remembered  that the geometr ic  solution is essent ia l ly  unscaled and its 
origin is a rb i t r a r i l y  determined, s o  that in the t ransformation linking it t o  
the dynamic solution three  t ranslat ion and one scale parameters  must be 
introduced. A rotation term is a l so  introduced t o  determine whether a 
systematic  longitude discrepancy exists between these two solutions. 
term could conceivably a r i s e  f r o m  correlat ions that exist  in the dynamic 
solution among longitude, time, and right ascension of the node. 
Such a 
The J P L  solution of Mottinger [1969] is combined with the satel l i te  solu- 
tion by introducing a second longitude rotation and a second scale  parameter .  
The need f o r  the f o r m e r  has been discussed in section 5, and the la t te r  was 
introduced to absorb possible biases  in e i ther  solution that have the charac-  
te r i s t ic  of a sca le  e r r o r .  
both SA0 and J P L  have used the s a m e  value for  GM, but "pseudo" scale  
e r r o r s  could be introduced. F o r  example, a systematic  e r r o r  in the re f rac-  
tion correct ions to Baker-Nunn observations could have an effect similar to 
a scale  e r r o r .  
In theory, this sca le  factor  should be ze ro  since 
In combining the J P L  solution with the other data, the normalized covari-  
ance ma t r ix  supplied by Mottinger was used. 
accuracy est imates  for  the components of the station positions and preserves  
the strong correlat ion that exists between the longitudes of the solution. 
This ma t r ix  was scaled by his 
The resu l t s  f r o m  the surface-gravi ty  analysis can  be direct ly  related to 
the combined solution since both r e fe r  to the same  reference ellipsoid and 
GM. The zonal harmonics derived by Kozai have not been included in this 
combination, since his solution is quite independent of the satell i te analysis 
of the t e s s e r a l  harmonics,  and the surface-gravi ty  data,  because of their  
poor distribution, do not contain any significant zonal information. 
The final combination solution contains a total  of 424 unknowns, 117 
station coordinates,  296 harmonic coefficients, and 11 scale ,  rotation, and 
translation parameters .  In a solution of this kind, s eve ra l  i terations were 
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made (as descr ibed in section 3 )  and seve ra l  alternative weighting schemes 
considered. 
derived for the individual solutions and in the Combination. 
cated, the covariance matrix of the geometr ic  solution has  been multiplied 
by 2.8, and the covariance matrix of the surface-gravi ty  resul ts ,  by 4. 0. 
The covariance matrix of the dynamical solution has  been multiplied by 4.  5 
f o r  the reasons  described in the next section, while for the JPL resul ts ,  the 
accuracy  es t imates  of Mottinger have been adopted without any fur ther  modi- 
fication. 
descr ibed in  the next section. The final resu l t s  for  station coordinates are 
presented in Table 4, and for  harmonic coefficients, in Table 5. 
These weight fac tors  are used to scale the covariance mat r ices  
A s  already indi-  
Th i s  weighting scheme gives the bes t  agreement  in the t e s t s  
2 2 (CBm t Sem) of the combination 2 The power spec t rum crl = ( l / n l )  
m=O 
solution is given in F igure  4 for  B L 6,  where n 
of degree 1 included in the summation. They show a remarkable  adherence 
t o  the rule of thumb cr = 10- /1 . 
is the number of coefficients 1 
5 2  
L 
Figure  5 gives the geoid corresponding to the new combination solution 
and a flattening of 1 /298. 258, 
hydrostatic flattening of 1 /299.  67, and Figure  7 a plot of the free-air  
gravity anomalies corresponding to the combination solution. 
F igure  6 the geoid corresponding to the 
Table 4 contains the accuracy est imates  of the station coordinates. 
These est imates  are  the formal  s ta t is t ics  f r o m  the combination solution, but 
as the subsequent comparisons show, they appear to be realist ic.  
F igure  8 i l lustrates  the pr.ecision est imates  of the geoid heights as com- 
puted f r o m  the precision est imates  of the spherical  harmonic coefficients. 
In this computation the correlat ion between coefficients has been ignored 
because the correlat ion coefficients a r e  generally less than 0.  2. 
2 -   2 mean neglect and the fact  that for  equal degree and o rde r  cr 
C i m  OSpm 
that the geoid-height precision es t imates  a r e  essentially longitude independent 
and symmetr ic  about the equatorial  plane. 
This 
Kozai 's  accuracy est imates  f o r  
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his zonal harmonics  were included in this  calculation. 
parisons with surface gravity and astrogeodetic data show that these precision 
est imates  a r e  quite real is t ic ,  and the geoid appears  to be determined with an 
accuracy of 3 to 4 m. Of course,  these accuracy est imates  re fer  to the 
generalized geoid and do not imply that the geoid is everywhere known with 
this accuracy. 
surface-gravity data and where the gravity field cannot be directly sampled, 
the uncertainty in geoid height may be l a rge r  than the 3 o r  4 m. 
Subsequent com- 
In a r e a s  such as the South Pacific where there  a r e  no 
Comparison of Geometric and Dynamic Satellite Solutions. F igure  9 and 
Table 6 show the resu l t s  for  the comparisons of the directions computed by 
the two solutions. 
indicated by the e r r o r  ell ipses.  
f r o m  the individual solutions is a good indication of the accuracies  that can 
be expected f o r  the combination-solution coordinates, although it mus t  be 
pointed out that i n F i g u r e  9 the difference between the two solutions resu l t s  
f r o m  uncertainties in the coordinates of both stations and that a t  each station 
a number of such comparisons can usually be made. 
the station positions relative to the origin of the coordinate sys tem should be 
better than these f igures  indicate. 
The accuracy  es t imates  given by the two solutions a r e  
The difference 6 in the positions derived 
Thus, the accuracy of 
The accuracy est imates  IT of the geometr ic  solution directions a r e  G 
obtained by the method described in section 4. 
ever ,  gives accuracy  est imates  f o r  the coordinates - and consequently for  the 
station-station vectors  u 
f r o m  f igures  such a s  F igure  9, where 6 
e i ther  IT Making an analysis s imi l a r  to that used in  the geometr ic  
solution fo r  establishing the accuracy indicates that the covariance ma t r ix  
of the dynamic solution should be multiplied by a factor  of k; = 4. 5. When 
harmonic coefficients derived f r o m  different i terations of the dynamic satel-  
l i te solution a r e  compared, i t  a lso appears  that the fo rma l  var iances  must  
be multiplied by a factor  of about 5 in o r d e r  to obtain real is t ic  accuracy 
est imates  . 
The dynamic solution, how- 
- that a r e  overoptimistic,  This is usually evident 
2 D is often considerably g rea t e r  than 
2 2 o r  v G .  
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Figure  9 a l so  indicates the directions of the station-station vector 
derived f r o m  the combination solution compared with the geometr ic  and 
dynamic resul ts .  
the fundamental Baker-Nunn stations (those numbered 9001 to  9012) the com- 
bination-solution coordinates should be reliable to  bet ter  than 10 m. 
the new Baker-Nunn stations (9021, 9028, 9029, 9031, and 9091), f r o m  which 
the re  are fewer observations, the comparisons indicate that the combination- 
solution coordinates should be reliable t o  better than 15 m. These estimates 
a r e  in agreement  with the fo rma l  s ta t is t ics  given in Table 4. The longitude 
difference between the two satell i te solutions obtained f r o m  the combination 
solution is -0. 2 f 0. 5 prad and is not significant. 
In view of the above, these comparisons indicate that for  
F o r  
Comparison with Satellite Orbits.  E a c h  solution resulted in improved 
orbital  res iduals ;  fo r  the final solution the orbital  res iduals  for satel l i tes  
such as Geos 1 o r  Geos 2 are less than 10 m. These orbi ts  a r e  computed 
f rom a combination of laser and Baker-Nunn data for  30 days. 
res iduals  fo r  the optical data are 2 a rc sec .  
of 1 t o  2 m. 
These are orbi ts  with significant amounts of laser data f r o m  2 o r  3 stations. 
The 7-m orbi ta l  e r r o r s  can  arise f rom station-coordinate e r r o r s  (probably 
about 5 m), geopotential e r r o r s  (possibly 5 m), and unmodeled periodic 
perturbations.  
The rms 
The laser data have an  accuracy 
The rms is 7 m in all cases  and no residuals  exceed 1 0  m. 
Comparison of Satellite and Deep-Space-Probe Solutions. In o rde r  t o  
compare the satell i te and J P L  solutions, a combination solution using only 
the satell i te and surface-gravity information has been made. Table 7 indi- 
cates  the r e su l t s  for  those Baker-Nunn stations that a r e  related to  the J P L  
antennas. F r o m  the ground- survey information given in Gaposchkin and 
Lambeck [1970, Table lo],  the coordinates for  the JPL si tes  in the SA0 
sys t em can be computed and the differences in longitude AXi and in distance to  
the rotation axis Ar.  are given in Table 8. This  table  a l so  gives the accuracy 
estimates f r o m  the s ta t i s t ics  provided by the two solutions and the ground 
survey. 
longitude differences between the two solutions: the J P L  longitudes a r e  t o  
1 
The differences in longitude immediately reflect  the systematic 
2 0  
the e a s t  of the S A 0  longitudes. 
cussed in section 7,  these t ransformation pa rame te r s  are solved f o r  and 
yield , the scale of the 
S A 0  sys tem as defined by the station coordinates being l a rge r  than that of 
the J P L  system. 
F r o m  the overal l  combination solution dis- 
-6  = -3. 2 f 0. 5 prad and A r / r  = (to. 3 f 0. 5) 1 0  
The residuals  E - hhi and - Ar .  are in all c a s e s  less than 10 m and 
1 
support the accuracy  es t imates  given in Table 4 fo r  stations 9002, 9003, 9004, 
and 9113. 
SA0  reference system. 
Table 9 gives the adjusted coordinates of the J P L  stations in  the 
The longitude difference cannot be attr ibuted to the difference in the UT1 
time sys tems used by the two agencies, since at the t ime of the Mariner  5 
observations, U T l ( J P L )  - UTC = 89. 0 m s e c  and UTl(SA0) - UTC = 101. 4 
msec ,  so  that the expected longitude difference would be t 1 2  m s e c  o r  0. 8 prad. 
The  total  unexplained longitude difference is, therefore ,  -4. 0 prad. 
discrepancy appears  t o  be due t o  different definitions of the right ascension 
of the vernal  equinox. 
t ions given in the S A 0  catalog - which r e f e r s  t o  the FK4 sys tem - and in 
the case  of J P L  the vernal  equinox is defined in the planetary ephemeris  
used [Melbourne and O'Handley, 19681. 
This 
In the case  of S A 0  this is defined by the star posi- 
The sca le  difference between the two solutions i s  hardly significant in 
view of the s tandard deviation. 
have used the same  GM value. 
This would be expected since both solutions 
Comparison with Surface Gravity. T o  compare the satellite solution 
with the surface gravity, the following quantities def ined  by Kaula [ 19664 
have be e n  computed : 
2 
T' T mean  value of g where g is the mean f r e e - a i r  
gravity anomaly based on surface gravity, indicating 
the amount of information contained in the surface-  
gravity anomalies;  
21 
2 
S’ S mean  value of g where g is the gravity anomaly 
derived from the satell i te solution, indicating the 
amount of information contained in the satell i te-gravity 
anomalies ; 
an est imate  of the mean square  of g 
of the contribution to the gravity anomaly of the est imates  
of geopotential coefficients f r o m  the satell i te solution, 
the amount of information common to the surface-gravi ty  
and satell i te-gravity anomalies;  
the t rue  value H’ 
mean  square  difference of the g 
mean  square  of the satel l i te  e r r o r ;  
m e a n  square  of the surface-gravity e r r o r ;  
and gT; ( (gT-gS)2) S 
E{€; 1 
mean  square  of the e r r o r  of omission, the difference 
H‘ between the t rue  gravity anomaly and g 
If the satel l i te  solution gave a I’perfect” es t imate  of the C and S Qm Qm’ 
S 
2 2 2 
that is, (gs) = (gH) (E (gTgs)), then E would be ze ro  even though g would 
not contain all the information necessary  to descr ibe  the total field. 
information not contained in the satel l i te  field - the e r r o r  of omission 6g - 
then consis ts  of the neglected higher o r d e r  coefficients. 
( (g  -g ) ) provides a measu re  of the agreement  between the two est imates ,  
gT and g 




T S  
of the gravity field and is equal to the s u m  of the est imates  of the S’ 
Another es t imate  of g can be obtained f r o m  the gravimetr ic  es t imates  H 2 of degree var iances  [Kaula, 1966aJ, 
Q 2  
2 Q t l  w.t 




gives the m 
and combination solution computed f rom 
is the number of coefficients of degree Q included in gHq Table 10  
Q 2  fo r  degree 0 to 16 as well as the degree variances of the satell i te P 
2 2  2 2 
E Q = y  ( Q - 1 )  m (':m -t 'Qm) 
If both the satell i te solution and the sur face  gravity gave "perfect"  resul ts  
for  t e r m s  up to a given degree,  then 
Table 11 summar izes  the est imates  obtained f o r  these quantities f r o m  
the satell i te solution, the combination solution, and the Gaposchkin [ 1966b] - 
M1 solution. All th ree  se t s  contain the s a m e  zonal harmonics.  The es t i -  
mates  a r e  given f o r  three se t s  of 300-n mi squares:  (1)  the squares  for  which 
the number n of observed 60-n mi squares  is equal to  or grea te r  than 1, (2 )  the 
squares  fo r  which n L 10, and (3) the squares  for  which n 2 20. F o r  the las t  
data se t  the comparisons a r e  made  for  the three  fields truncated for  different 
degrees  as well a s  fo r  the total  fields. 
The variations among the es t imates  obtained fo r  the three  types of - 
2 2 2 e r r o r s ,  E{€ s}, E{€ T}, and E { b g  }' resul t  f r o m  the assumptions made about 
S' the complete randomness of the quantities gH, bg, c T ,  and E 
The combination solution gives the best  resu l t s  in that there  is good 
2 2 
S T S  
The negative value fo r  E{€ } when Q = 10 
agreement  between the three est imates  (g  )' (g  g ), and D of (g,) and the 
E{€ s} and ((g -g ) ) a r e  small. 
is caused by the combination solution containing the gravity anomalies against 
which the t e s t s  a r e  made. The est imates  of the e r r o r s  of omission a r e  s t i l l  
quite la rge  when compared with the est imates  of E 
the surface -gravity data have additional information that has  not been extracted 
in this solution. 
2 
S T  S 
2 2 
2 and c 2  S T' indicating that 
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These tests, however, a r e  not ent i re ly  valid for the combination solution 
and E a r e  no longer independent. A better es t imate  of since the gH, 6g, e T ,  
E{cS} can be obtained f r o m  the r 
by Lambeck [1971]. 
E{6g } = 30 mga l  . is likely to be too small, so 
2 that E{6g } is even fur ther  reduced, and in real i ty  there does not seem t o  be 
very  much additional information in the surface-gravi ty  data used. 
S 2 
(r of the combination solution as indicated 
2 2 C' s F o r  the total  field 
Also,  the est imate  of 
= 34 mga l  , giving 
2 2 2 
The r e su l t s  obtained f r o m  the satellite solution alone a r e  not in s o  good 
agreement  with the surface-gravi ty  da t a  as is the combination solution. 
gravity field complete t o  8 , 8 ,  the M1 and the new satellite solution give 
For  a 
a lmost  equivalent comparisons.  
good agreement  among ( g  g ), (gs) ,  and D, indicating that the two solutions 
a r e  equivalent and that they contain most  of the information in a "correct"  
8 , 8  field. 
in the comparison ( (g  
can be expected. But beyond about the 11th o r d e r  the comparisons deter iorate  
2 and the E { e S }  increase.  
F o r  both, the E{€ "} a r e  smal l  and there  is S 2 
T S  
At 10, lO the new satell i te solution shows a marked improvement 
2 
-g  ) ), and this field also appears  to be a s  good a s  T S  
Fur the r  t e s t s  with surface-gravi ty  data  were  made by use of the recent  
compilations by Talwani and L e  Pichon [ l969]  f o r  the Atlantic Ocean and f o r  
the Indian Ocean [Le  Pichon and Talwani, 196131 . 
gravity-anomaly profiles computed f rom 5" X 5" a r e a  means f r o m  these com- 
pilations and f r o m  the combination solution. 
first, these prof i les  a r e  taken along the ships '  t r acks  where continuous 
gravity measurements  were  obtained. 
in the North Atlantic, is midway-between two paral le l  ship c ru ises .  
profiles a r e  referenced to the international gravity formula.  
of the 5" X 5" a r e a  means is  assumed to be 5 mgal. 
F igure  1 0  shows f r ee -a i r  
With the exception of the 
The first profile, along latitude 32: 5 
All 
The accuracy 
2 Table 12  gives ( (g  -g ) ) for  each of these profiles,  and f rom these S T  
numbers the accuracy of the gravity anomalies computed f rom the combination 
solution can be computed. 
geoid height. 
previous est imates .  
The average value is  10  mgal, or about 3. 5 m in 
This average accuracy est imate  i s  in good agreement  with the 
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Comparison with Astrogeodetic Data. Geoid heights obtained f r o m  as t ro-  
geodetic leveling are available for  s eve ra l  major  datums. 
the surface-gravity data, could be used as a fur ther  input in the combination 
solution. However, the coverage extends only to areas where reliable 
surface-  gravity d a t a  a r e  a l so  available, and the contribution of the additional 
information t o  the global solution is not very  significant. Instead, the as t ro-  
geodetic data have been used for comparison purposes,  thus providing an 
independent estimate of the accuracy of the global solution. 
These data, like 
T o  compare astrogeodetic geoid profiles with the global solution, it is 
necessa ry  that the f o r m e r  refer t o  an ellipsoid, with its origin at the e a r t h ' s  
mass center and of the same dimensions and paral le l  t o  the ellipsoid of ref-  
e rence  used fo r  the global solution. 
severa l  ma jo r  datums by Lambeck [ 19704 .  
contain rotation elements,  a t  l eas t  par t  of the systematic  e r r o r s  in the 
astrogeodetic heights is  absorbed. 
station is available f o r  establishing the relationship between the datum and 
the global solution. 
mined and a systematic  tilt can be expected. 
The t ransformation elements  are given for  
When these t ransformations 
In the case  of the Indian Datum only one 
Thus only the three  translation elements could be de t e r -  
The following comparisons were  made: 
1. the geoid section along the 34th paral le l  in North Amer ica  given by 
Rice [1962]; 
2. a section along the meridian of 260" f r o m  65" North to 18" North, 
selected f r o m  the compilation by F i s c h e r  e t  al. [l967] for the North 
Amer ican  Datum (NAD) : 
3. two profiles a c r o s s  Australia,  one along the latitude c i rc le  of -30" 
and the other along the meridian of 138", given by F i sche r  and Slutsky [1969] ; 




a profile along the meridian of 16" through central  Europe [F ischer ,  
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Figure  11 gives the resul ts .  
with a = 6378155 m and 1 / f  = 298.25. 
to  remove any information with 9 half-wavelength of less  than about 200 km. 
All profiles refer to  a reference ellipsoid 
The astrogeodetic profiles a r e  smoothed 
The accuracy of the astrogeodetic profiles was assumed to be of the o rde r  
of 1. 5 m. 
this type of observation (e. g . ,  Bomford [1962]), but the stochastic nature of 
the transformation elements a lso has to be considered. 
This  is somewhat g rea t e r  than the accuracy generally stated for  
Table 1 3  swnmar izes  the r e su l t s  of the comparisons.  The average 
value of 0- 
e a r l i e r  for  the geoid heights of the combination solution. 
is 3.2 m and is in agreement  with the accuracy es t imates  derived S 
The negative value f o r  f o r  a l l  the datums considered indicates that 
the adopted semimajor  axis of the reference ellipsoid is too large,  by about 
15 m as noted, fo r  example, by Veis [1968]. 
possible tilt in the South Asian datum. 
F igure  11 also suggests a 
Comparison with T e r r e s t r i a l  Triangulation. F o r  stations in North 
Amer ica  and Europe, where there  are extensive surface triangulation nets,  
it is possible to  compare the coordinates of the t racking stations as deter-  
mined f r o m  the combination solution and f r o m  t e r r e s t r i a l  measurements .  
But before a comparison can be made, the la t ter  coordinates have to  be 
t r ans fe r r ed  t o  a coordinate sys tem coincident with the global geocentric 
system. These  t ransformations are discussed in Lambeck [197Oa,J. F o r  the 
present  solution, the distances between stations a r e  used a s  the basis of the 
comparison. These distances are derived f r o m  the surface d a t a  scaled by 
the fac tors  determined f r o m  the datum adjustments.  
Table 14 summar izes  the resul ts .  The accuracy est imate  is computed 
f r o m  the accuracy est imates  of the coordinates f o r  the combination solution 
and f r o m  accuracy est imates  of the t e r r e s t r i a l  data. 
assumed to be reliable to 1 in 200 ,000 .  
The la t ter  have been 
26 
The first par t  of Table 14 r e f e r s  t o  coordinates in the European Datum. 
All  available stations, with the exception of Riga 9074, have been used in 
th i s  comparison. All avail- 
able stations were used. F o r  m o s t  of the comparisons,  r > A r ,  indicating 
that the accuracy estimates given for the coordinates of the combination 
solution (Table 4) are reliable. 
good but it is always withinthe 3 r  level. 
The second par t  r e f e r s  t o  stations in the NAD. 
r 
F o r  station 9115 the agreement is not so 
Comparison with the 1966 Standard Earth Coordinates. Table 15 gives 
the differences in the coordinates determined in the present  solution and in 
the 1966 solution. 
es t imated as 15 t o  2 0  m, whereas  the present  solution is considered to  be 
better than 1 0  m. 
limits. 
stations 9007 and 9011. 
binations could be made  in 1966, but a combination and a comparison with 
the JPL d a t a  were  possible in  this solution and the resu l t s  a r e  in  excellent 
agreement  (Table 8).  As  for  the other two stations, the 1966 geometric 
solution gave a ve ry  weak determination for  the Z components because of the 
poor geometry of the station distribution. 
and with m o r e  data available, this Z component is determined much bet ter  in 
the present  solution and is in good agreement  with the resul ts  of the dynamic 
solution. 
horizontal axis corresponds approximately to  the Z axis. 
stations good comparisons and combinations of the geometric and dynamic 
solutions were  possible in the 1966 solution, and as a result ,  these coordinates 
a r e  not significantly different f r o m  the new determination. 
importance of having the two independent techniques to determine the station 
positions. The s imi la r i ty  of the differences in the Z coordinates fo r  stations 
9002, 9003, 9007, and 901 1, al l  of which lie in south latitudes, suggests that 
the 1966 dynamic solution may have had some systematic  biases  in it because 
of a poor distribution of observations in the Southern Hemisphere. 
F o r  these stations the accuracy of the la t ter  solution was 
W i t h  a few exceptions the differences fall within these 
The exceptions a r e  stations 9002 and 9003 and the Z component of 
F o r  the first two stations no 'comparisons nor  com- 
With the relocation of some stations 
This can be seen  f r o m  Figure  9 f o r  the line 9007-9029, where the 
F o r  the remaining 
This s t r e s s e s  the 
27 
8. CONCLUSIONS 
1. A combination of the four methods of estimating pa rame te r s  used in 
th i s  analysis gives better resu l t s  than any subset of these methods. 
2 .  The geocentric station positions of the 12 fundamental Baker-Nunn 
stations and the  laser-opt ical  s i t e s  at Haute Provence (8015-7815) and Athens 
(9091-7816) a r e  determined with a n  accuracy between 5 and 10 m. 
3 .  To improve upon this  accuracy, m o r e  l a se r  d a t a  fo r  the dynamic 
solution and l a se r -  optical simultaneous data f o r  the geometric solution a r e  
required.  An improvement i n  the knowledge of UT1 is also necessary.  
4. The geopotential has  been determined complete through I = 16, 
m = 16. 
satell i te solution is about as good as can  be expected but that some of the 
higher t e r m s  are poorly determined. 
a r e  determined largely f r o m  the surface-gravity data. 
is not improved upon by the new solution truncated at 8, 8. 
Comparisons with surface gravity indicate that up to  10, lO the 
The  t e r m s  between degrees  11 and 16 
The M1 8 , 8  solution 
5. Comparisons with independent data sets indicate that the generalized 
geoid is reliable to  about 3 m. 
6 .  T o  improve the satell i te gravity-field determination for t e r m s  
beyond I = 11, m o r e  satel l i tes  in lower orbits,  at distinct inclinations, and 
t racked with g rea t e r  precis ion and uniformity are required.  
The numer ica l  resul ts ,  potential coefficients, and station coordinates 
In addition, a report  detailing the can be obtained by writing the authors.  
empir ica l  d a t a  used and the va-riance-covariance matrix of the final solution, 
a l so  available on magnetic tape (upon request) ,  will be issued shortly. 
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Fig.  1. Location of stations used. Collocated stations are bracketed together. 
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Fig. 3 .  Mean accuracy of station-station vector as a function of the 
number of pa i r s  of simultaneous observations used. 
resu l t s  obtained f rom the analysis,  and the solid line indicates the expected 
resu l t s  for  the rat io  (station- station distance) / satell i te height = 1. 2. 
accuracy of a synthetic observation = 7 prad (E 1. 5 a r c sec ) .  
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Power spec t rum for 6 < Q  < 22 fo r  the combination solution. 
Kaula 's  rule of thumb is indicated by the dashed line. 
spec t r a  a r e  in complete agreement  with this rule .  
For 2 < Q  C 6 ,  the 
The lower curve is 
the corresponding precis ion es t imates  of the harmonics ,  i. e. , 
t r2 ), where n is the number of coefficients of degree I Q rn 
included in the summation. 
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Fig. 5. Geoid heights inmeters of the new combination solution co r re -  
sponding t o  a reference ell ipsoid of flattening f = 1 / 2 9 8 .  258. 
interval  is 10 m, and shaded areas are regions of negative geoid height. ) 
(Contour 
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F i g .  6 .  Geoid heights in m e t e r s  of the new combination solution c o r r e -  
sponding t o  a reference ellipsoid of flattening f = 1 / 2 9 9 .  67.  
is  1 0  m and shaded a reas  a r e  regions of negative geoid height. ) 
(Contour interval 
3 8  
Fig. 7. Free-air gravity anomalies with respec t  t o  the best  fitting 
ellipsoid f = 1 /298. 258 f r o m  the adopted solution (10-mgal contours; shaded 
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Fig.  9. Comparisons f o r  station-station vec tors  computed f r o m  the 
geometr ic  solution A, the dynamic solution 0 ,  and the combination solution 
0. 
the dynamic solution (the inner el l ipse)  and after the covariance matrix has 
been multiplied by the fac tor  kl (outer e l l ipse) .  
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Fig.  11. Comparisons between geoid profiles obtained f r o m  the combina- 
t ion solution (solid l ines)  and profiles obtained f r o m  astrogeodetic measure-  
men t s  t ransformed into the global reference sys t em (dashed l ines).  
difference between the two profiles, after the systematic  par t  h a s  been sub- 
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TABLE 1. Adopted zonal harmonics  t o  J(21) [Koaai, 19691, 
and other constants. 
J(  2) = 1. 08262800E-03 
J(  4) = -1. 593OE-06 
J( 6)  = 5. 0200E-07 
J(  8) = -1. 1800E-07 
J(10) = -3. 54OOE-07 
J(12)  = -4. 2000E-08 
J(14)  = -7. 3000E-08 
J(16)  = 1. 8700E-07 
J(18) = -2. 3100E-07 
J(20) = -5. OOOOE-09 
J(  3) = - 2 .  5380E-06 
J(  5) = -2. 3000E-07 
J(  7) = -3.6200E-07 
J (  9) = -1. 0000E-07 
J(11) = 2. 0200E-07 
J(13)  =, -1.2300E-07 
J(15) = -1. 74003-07 
J(17)  = 8. 5000E-08 
J ( l 9 )  = -2. 1600E-07 
J(21)  = 1.44003-07 
GM = 3. 986013 X IO2' crn'/sec 2 
6 a = 6 . 3 7 8 1 5 5 ~  10  m 
c 
e 
= 2. 997925X lo1' c m / s e c  
48  
TABLE 2. Summary of dynamical data. 
~~~ ~~ ~ 
Semimajo r  P e r i g e e  
N a m e  o r  Other  Inclination Axis  Height Number New Select  L a s e r  
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TABLE 3. Resul ts  for the locations of the JPL antennas 
a s  determined by Mottinger [ 19691. 
~ _ _ _ _  ~~~~ 
4712 243. 194559 5212. 0535 -2350.4397 -4651. 981 9 
4741 136. 887507 5450. 1986 -3978.7174 3724. 8454 
4742 148. 981301 52 05. 35 04 -4460. 9809 2682. 4097 
475 1 27. 685432 5742. 9417 5085.4425 2668 .2678  
476 1 355. 751007 4862.6 078 4849.2429 - 360. 2752 
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TABLE 4. 
final combination solution. 
e s t ima tes  of the coordinates in me te r s .  
Geocentric coordinates ( in  Mm) of the stations determined in the 
The fifth column gives the formal  precis ion 
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BLOSSOM P O I N T 9  MDa 
GRAND FORKS9 MINN. 
ROSMANq Ne  Ce  
EDINBURG9 TEXe 
C D L U M B I A q  MOO 
BERMUDA 
PUERTO R l C O  
DENVER$ COL. 
Goddard Space Flight Center 
SUDBURYe ONTq 
J A M A I C A  
HAUTE PROVENCEq FRANCE 
STEPHANION9 GREECE 
COLOMB-BECHARv A L G E R I A  
HAUTE PROVENCEI FRANCE 
N I C E 9  FRANCE 
ORGAN PASS9 N.M. 
P R E T O R I A 9  S e A F R I C A  
WOOMERA, A U S T R A L I A  
SAN FERNANDO9 S P A I N  
TOKYOv JAPAN 
N A I N I  TALI I N D I A  
AREQUIPAe PERU 
S H I R A Z o  I R A N  
CURACAO* A N T I L L E S  
J U P I T E R 9  F L A e  
V I L L A  DOLORES, ARGENTINA 
MAUX, H A W A I I  
M T e  H O P K I N S q  A R I Z o  
I S L A N D  LAGOON* A U S T R A L I A  
DODAIRA,  JAPAN 
A D D I S  ABABAv E T H I O P I A  
N A T A L e  B R A Z l L  
COMODORO R I V A D A V I A e  ARGENTINA 
HARVARD9 MASS. 
D E L F T (  HOLLAND 
ZIMMERWALDv SWXTZERLAND 
R I G A e  L A T V I A  
UZGHORODI  U*SeSeR.  
MALVERNq ENGLAND 
DIOYSOSe GREECE 
ROSAMUNDe C A L o  
COLD L A K E 9  CANADA 
JOHNSTON I S L e p  P A C I F I C  
ORGAN P A S S *  NeMe 
Harestua,  Norway 
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TABLE 5. 
of the geopotential obtained in  the final i terat ion of the combination solution. 
Fully normalized coefficients of the spherical  harmonic expansion 
a r e  the cosine t e r m s  of degree I and order  m and S rn I m  a r e  the sine t e r m s .  
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21. - 5c2067E-08 3;0801E-10 
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TABLE 6. 
geometr ic  solution with accuracy  u 
accuracy u (prad).  
s cale d. 
Summary  of differences 6 between directions computed f rom the 
and f rom the dynamic solution with 
k is the factor by which the latter estimates must  be 
G’ 
D 
Line 2 uG 
2 
uD b 2  k2 
9001-9009 
9001-901 0 
9 0 01-901 2 
9002-9028 
9 0 04-9 0 08 
9 0 04-9 009 
9004-9010 
90 04-9 02 8 
9 0 04-9 02 9 
9 005-90 06 
9 005-90 12 
9 006-90 08 
9 0 07-9 0 09 
9007-9010 
9007-901 1 
9 0 07-902 9 
9 0 0 7-9 0 3 1 
9009-901 0 
9009-901 1 
9 028-9 09 1 
9 02 9-903 1 




4 .7  
14.1 
15.1 
9 . 4  
28.9 





6 . 8  
16 .4  
17.7 
6.5 
2 - 3  
23.9 
17.7 
0 .7  
0 .9  
0 . 2  
1 . 3  
0 .7  
0 . 4  
0 . 2  
0 .8  
1 . 0  
0 .8  
0 .6  
2.2 
1 . 8  
0 . 5  
3.6 
2 .3  
2 , l  
3.7 
0 . 8  
1 . 5  
1 , 6  
3 .2  1 .8  





10.9 1 .4  
16. 0 3.1 
51.9 3 .5  
2. 6 0 .3  
15. 2 0 . 4  
6. 3 0 .8  
39. 6 13.6 
30. 2 18.9 
60.9 11.7 
14 .4  1 .5  
20.1 2.0 
18.4 3.6 
13.0 8. 1 
96.0 7.6 
44.9 4 , 6  
= 4.9 kAV 
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TABLE 7. Coordinates f o r  Baker-Nunn stations derived 
f r o m  a combination of the geometr ic  and dynamic satellite 
solutions and surface gravity only. 
~ 
9002 5.056126 2.716511 
9003 -3.983778 3.743085 
9004  5.105587 -0.555230 
9113 -2.350466 -4.651 977 
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TABLE 8. AXi is the longitude 
difference and Ar .  the difference in distance t o  the ea r th ' s  axis of rotation 
for  the two solutions. 
Resul ts  of SAO-JPL stations comparison. 
- 1 
AA is the weight mean  longitude difference. 
4751 -9002 -3.5 t o .  3 t1 .9  7.7 $5.9 4.9 
4741 -9003 -2 .2  -0.9 -5 .2 6.8 -7 .3 4.5 
4742-9003 - 1 . 2  -2.0 -10 .4  9 .0  -6.5 4.5 
4761 -9004 -4.5 t 1  e 4 t 6 . 9  6.6 -1 .2 4.5 
471 2-91 13 -4.9 t 1 . 7  +9.2 12.4 t 7 . 6  5.5 
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TABLE 9. Coordinates of the JPL stations referred to 
the S A 0  reference system. 
4751 5.085451 2. 668252 -2.768728 
4741 -3.978706 3.724858 -3.302213 
4742 -4.460972 2.682424 -3.674618 
4761 4.849242 -0.360290 4.114869 
471 2 -2.350454 -4 .651 975 3.665631 
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TABLE 10. Power spec t ra  of f r e e - a i r  gravity anomalies. 
2 Degree D e g r e e  Variance (mgal  ) 
G ravirnetric Satellite Combination 













1 2  
13  
14 
1 5  
















9 .9  
5 .5  



























TABLE 11. Comparison of satell i te and combination solutions 
2 
with surf ace- gravity measurements  (mgal  ) . 
Combination Solution 
Satell i te Solution 
MI Solution 
Combination Solution 
Satell i te Solution 
MI Solution 
Combination Solution 
1 5 8  m C 8  
1 5 1 0  m 5 1 0  
1 5 1 1  m a l l  
1 5 1 2  m 5 l 2  
l C 1 4  m C 1 4  
1 5 1 6  m 5 1 6  
Satell i te Solution 
1 5 8  m S 8  
1 5 1 0  m 5 1 0  
1 5 1 1  m 5 l l  
1 5 1 2  m S l 2  
1 5 1 4  m S 1 4  
Tota l  F i e ld  
MI  Solution 
1 5 8  m C 8  
Tota l  F ie ld  
n Z 1,  N = 935, 300-n mi squa res  
206 146 225 163 274 79 72 
272 110 218 143 274 108 '72 
90 148 108 274 58 72 242 
n 2 10, N = 369, 300-n mi squa res  
135 195 230 163 297 35 19 
85 19 250 127 212 143 297 
222 102 131 108 297 29 19 







































2 11 253 
253 -3  11 
253 8 11 
253 9 11 
10 11 253 
253 2 11 
30-n mi squa res  
12  11 253 
253 1 11 
253 11 11 
253 17 11 
253 33 11 
253 43  11 
n L 20, N = 136, 300-n mi squa res  
168 85  85 102 253 0 11 























gT by Talwani and Le Pichon and gravity anomalies g 
combination solution f o r  selected profiles.  
Summary  of comparisons between surface-gravity measurements  
computed f r o m  the S 
2 2 2 2 
0- = (  (gs-gT) ) -v 
2 
gT 2 gT gS 
((gs-gT) ) 
2 
Profi le  (mgal  1 (mgal 1 (mgal  1 2 
+ = 32." 5 N o r t h  Atlantic 84 25 
NW-SE North Atlantic 68 25 
NW-SE South Atlantic 222 25 
+ = 0 O Indian Ocean 80 25 
+ =  -25" Indian Ocean 166 25 
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f rom the combination solution and the astrogeoids r e fe r r ed  to the geocentric 
2 
6 h  system. 
the var iance of the difference between the two profiles, cr2 the variance of 
the astrogeoid heights, and 0- the contribution of the combination solution 
Summary of the comparisons between the geoid profiles obtained 
- 
Ah is the systematic  height difference between the profiles, 0- 
a 2 
3 S 
Datum Profi le  
NAD r$ = 35"  -1 5 8 1.5 6.5 
NAD h = 260" -1 6 6 1.5 4 . 5  
AGD r$ = -28."75 -1 2 10 1.5 8. 5 
AGD h = 136."25 -1 2 1 2  1 .5  10 .5  
IND h = 75"  -36  30 1 .5  28. 5 
E U R  h = 1 6 "  -42  6 1.5 4 . 5  
2 (IT:} = 10.5 m 
6 0  
TABLE 14. 
inters ta t ion dis tances  computed f rom the combination solution and f rom 
surface tr iangulation af ter  removal  of any systematic  scale e r r o r  in the 
datum. 
Resul ts  of differences A r  and accuracy es t imates  CT between A r  

















1034-91 1 3  
Compar i sons  f o r  European Datum 
8.0  f 9 . 0  9004-9080 
-11. 2 f 9 .6  9004-9091 
-6.3 f 3 .5  9004-9115 
-4 .7  f 1 0 . 4  9065-9066 
0 . 1  f 9 .4  9065-9077 
-7.1 f 9 . 3  9065-9080 
22.6 f 14.8 9065-9091 
14 .8  f 12 .9  9065-9115 
-2.9 f 11.8 
3.7 f 13.9 
31.8 f 18.5 
-4.3 f 9 .5  
-1.0 f 13.9 
-5 .8  f 10.9 
.12.6 f 1 3 . 8  






9077 -91 1 5  
9080-9091 
9080-9115 
-5 .6  f 9 . 4  
-9.1 f 9 .9  
27 .8 - f  14 .2  
f 13 .4  
rt 9 .8  
f 15 .3  
.15.8 f 14.9 
32.1 1 1 4 . 5  
2 .3  f 9.7 9066-9077 -1 .2  f 10 .3  9091-9115 2.1 f 17 .5  
Compar i sons  f o r  Nor th  A m e r i c a n  Datum 
-0 .7  f 7 . 5  
3 . 5  f 1 2 . 1  
-7.0 f 9.7 
-5 .6  f 12 .4  
3.0 f 8.9 
-1.5 f 9 .9  
-1 .4  f 13 .0  








7037 -91 13  
3 . 4  f 11.0 
15.6 f 14 .2  
1 . 5  f 17 .3  
17.. 3 f 13 .8  
4 . 8  f 10 .3  
1 . 8  f 9 . 5  
1 . 6 f  8 .9  
1 . 6  f 12.1 
7045-7075 6.1 f 13 .1  
7045-9050 7 .1  f 1 7 . 2  
7075-9114 -13.7 f 16.5 
9001 -9010 6 .9  f 11.7 
9001-9050 11 .8  f 17 .5  
9010 -91 1 3  3.1 f 15 .1  
9050-9114 -15.2 f 20.3 
9113-9114 1 4 . 8  f 15.7 
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TABLE 15. Differences in the coordinates as determined in the new solution 
and in the 1966 Standard Earth solution. The large discrepancies  occurred 
at stations where no comparisons nor combinations of independent solutions 
















t 1 . 7  
- 0.7  
-26.0 
- 4.7 
t 4 . 3  
- 2.2 
t 5. 6 
t l l .  2 
t 8 .6  
t 9 . 2  
t14 .2  
t 1 . 8  
t 1 . 4  
t 4 . 9  
t 3.1 
- 0 . 6  
t26 .0  
-13.8 
t 3.7 
t 1 3 . 4  
t 3 . 3  
- 3 .4  
- 9.0 
- 3.6 




t14.  6 
t 1 3 . 9  
t 1 . 0  
t32 .1  
t26 .5  
- 7.1 
-11.3 
t 8 .6  
t 2 7 . 8  
- 4 .2  
- 4.1  
- 2.5 
t30 .9  
t 0.7 
- 8.0 
t 5. 6 
t 4 . 5  
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